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Abstract: Motivated by the process of picture composition in Astronomy and Printing a new operation on
words called the superimposition operation is introduced. In this paper, the operation is extended to infinite
words. A variant of this operation where the superimposition of two words is restricted using a control language
is also introduced in this paper. The study focuses on the algebraic aspects of the operation. This operation in-
duces a group structure on the set of all infinite words over a finite alphabet. The commutativity and associ ativi-
ty properties of the control languages with respect to the operation are also examined.
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1. INTRODUCTION

Combinatorics on words focuses on properties of
words and patterns on words. The applications in
Computer Science are many as any algorithm is a
stringover a finite alphabet. The theory of formal lan-
guages was developed taking inspiration from prob-
lems in Computer science. The notion of a word is
particularly useful in Mathematics as the representa-
tion of a natural number with any base is a word over
a finite alphabet. The infinite word is a representation
of a real number. Problems on words appear in differ-
ent contexts in pure algebra. The set 2* of all words
over the alphabet X is called the free monoid over the
set 2. Several generalizations of the catenation opera-
tion like shuffle operation, insertion and deletion op-
erations, shuffle on trajectories were introduced and
studied by many authors in [8, 10]. The shuffle opera-
tion is useful in modelling parallel composition of
words and languages. Theoretical generalization to
the case of infinite words was studied in detail by
Kadrie et al. in [1]. Another operation is the Collage
operation on words [6].In this paper, a new operation
on words and languages i introduced motivated by
different real life problems [2].

A colour image on a television screen or computer
monitor is generated using two main sets of colours
called colour spaces - the RGB colour space consist-
ing the primary stimuli for human colour perception
and CMYK colour space — Cyan, Magenta, Yellow
and Black. A printed colour picture is create with the
aid of the CM YK colour space. All other colours are
combinations of the basic colours in varying propor-
tions.

The superimposition operation on finite words is
introduced to model this phenomenon as an operation
on words and languages. This paper is an extension of
the operation to the infinite words.

The theory of infinite words is more complex than
finite words. The cardinality of the set of all infinite
words is non — denumerable while that of all finite
words is only denumerable.

For any alphabet X, an @ — word over X' is a func-
tion £ N> X denoted by the infinite sequence
f(0)f(1)f(2).... An © - word w is ultimately periodic if
w = av” where ais a finite word which may be empty.
An o - word is periodic if w = v*for some non-empty
word vinX*, The set of all ® - words over X' is X®. An
o - language is a subset L of 2. The set of all words
and o -words over the alphabet X is denoted by 2”=
2" U 2. The basic notations and relevant background
material is from the papers [3, 4, 5, 7, 9].

2. SUPERIMPOSITION OF INFINITE
WORDS

The superimposition operation was introduced in
[2]. The superimposition operation is a rule wherein
two letters of the alphabet coalesce to give another

letter of the same alphabet. For a, b ¢ X, a® b=c
where ¢ is also in X' is called the superimposition op-
eration.

This operation can be extended to X*,

Definition 2.1
Let u, v e Z*and U = UqUp...un, V = V1Vs... vy, Where

Ui, Vj eXfori=12,.., nj=12, .., m.

@ I Jul = v, then u®v = @ W)(WL® v
...(un®vn)

(i) If|ul >|v|,and ifu = u'u"” where |u'|= |v| = m,
then u®v = (u1®v1)(u2®v2) ...(um®vm).
u”.

(iii) If|u|l <|v],and if v =v"v"where |v'|=|u| =n,
thenu ® v =(up ® V1)(U2® V) ...(un® Vp). v"

(iv) Foruez*,u® /1:/1® u=u.
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Example 2.1
Let X be the alphabet consisting of the three colours
black, white and gray denoted by {B, W, G} and the

operation ® given by the following table 1.

Let x = B°W?, y = W3G®B®be words in =* then x &
y = B°GB®.

® b w G
b b b B
w b W G
g b g g
Table 1

This notion of superimposition is extended to the
set ofall ® - words.

Definition 2.2
Let Zbe a finite alphabet. Forany a, b, c in X, a rule

of superimposition is given by 8®b=¢C

Lot U=UWU U V=V VY, e X o UV eX
foralli =1, 2, ... Then the superimposition of u and
v with respect to the rule ®is

u®V=(u, ®v,)(u, ®V,)..=[ ], ®v,)
k=1

The result of superimposition is a unique word in
2°,

The following exampleillustrates the definition.
The length restriction present in the finite case is no
more necessary.

Example 2.2
Let X be the alphabet {a, b, c, d, e, f, g} and the rule
of superimposition given by the table 2. Let

X = (abedefg)”, y = (gfedcba)” be words in 2. Then
X®y=09".

®|a|bfc|d|le|f]g
a [a|blc|d|e|f]|g
b |blc|d|fe|f|g]|a
c |c|dfe|[flgla]|b
d |dfe|[f|gla|b]|c
e |e[flgla|b|c|d
f |flglalblc|d]|e
g |glalblc|d|ef|f
Table 2

The operation can be extended to languages in a
natural way.

Definition 2.3
For two languages
L.L ez Lol =Uu ®v,)u cl,v, cL,
k= or

L®L ={z/z=x®y;xel,,yel,}
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Note that the superimposition of two infinite words
is always non — empty. The Superimposition of a lan-
guage on itself infinite number of times gives the o —
language.

For a given language L, Lo =L®L®L..ntimes .
Then the star closure of a language i

* 10 1 2
Ly =LVl Vis.... and the positive closure is

+ 1 2
Ly =Lg U lLg..... . . .
for a given superimposition op-
eration.

Definition 2.4

The superimposition of a language on itself infinite
nume=ber of times is the limit of a finite language
Lg =limLg

n—w

The properties of finite languages can be extended
to the infinite case.

Proposition 2.1

Forany language Lc the following hold:
Le{}={1}®L=L

(i)

i L®4=40L=L
iy LeL=LeL
(iv) (Lg)"’:Lg

Proposition 2.2

[

For languages L LMy, M, 2 the superimpo-
sition operation preserves the subset relation on sets.
For

Lcl,,M cM,

implies = ®M: €L, @M,
Proof:

Let XELl@Mlthen X:y®zfor yEI‘1and
ZEMl. Now, yEI‘1g|‘2implies y is in L. Also,
zeM, c Mzimplies z is in M,. Therefore, y®zis in
LZ@MZ.Thus, L®M,cL,®M,

Proposition 2.3

Let LL.LcX be any three languages and ® a
superimposition operation defined on the same alpha-
bet. Then the following relations hold:

(LuL)®L, =(®L)u(,®L)
L®(L, ul)=(L®L,)u(L, 8L,)
(LNL)®L, =(L®L)N(L,®L)
L®(L,NL)=(L®L,)N (L 8L)

i.
ii.
iii.
iv.

Proof:
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i) Let X LOL)UL®L) ., X=PpOQ
or X:p,®qlwhere pel,g,qel,,p'el,

.This  implies  that X=p®q where
pelivl..qe I‘30r X=peq where
Pebvb.deblhich  implies  that
xe(Lvl,)®L,. Since xis arbitrary, we con-
clude that
(Ll ® L3) U(Lz ® L3) c (L1 Y Lz) ® L3' Simi-
larly, let Xe(LlULZ)®L3. Then X=p®q
where P € Lul,.qe L3. We have X=p®q
where peLl,qeL30r X:p®qwhere
peLz,qeL3_ Hence
xe(L®L)U(L,®L) . Since x is arbitrary,
we conclude that
(LuL)®L c(LeL)u(, ®L)
iy 1XeL®L VL) oy X=POU 0
pELland qe"?or qeLal Hence, X € L ®L,
orX€ L ®L, Therefore, we  have

xe(L®L)u(, L) . Since x is arbitrary,
we conclude that
Lo uL)c(LOL)ulL®L) 1.
other inclusion can be proved in a similar way.
In a similar manner, (iii) and (iv) can be proved.
Thus, the superimposition operation distributes
over union and intersection both on the right and the
left.

An infinite word can be generated as the limit of an
increasing sequence of finite words.

Lot X€Z Lot X=X0X0- X po e prefix of x of
length i. Then x is the limit of the finite sequence of
=lim x[|]
i—o0

prefixes x[i]. This is denoted by
Z* is < p: Z —> Z

The prefix ordering on

X<, Y. . . : :
where P 7 if x is a prefix of y. It is obvious that
X[1] <p x[2] <p x[3]... P Xe Z“’
2]
I_etxyZEZ z—x®y

Then il=17 2"'Zi where 2 =% ®Yigoralli.
We have
Z[i]= (% Xp...%) @ (Y1Y--.¥;) = X[i] @ y[i]

z=lim z[i]= Ilm{x[|]® y[il}

i—o0

So that
The limit of a word can be extended to languages.

The limit of a language Lcx denoted by
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limLex® i ImL={z/z=Ilimx:xel}
Proposition 2.4
Let Ll' L2 cZ . Then,
lim(L, ®L,)=limL, ®limL,
Proof:
. z=Ilimz]i

Let £€ lim(L, ® I‘2)'Then 1= [l where

dile, ®L,

lim z[i] = Ilm{x[l] ® y[i]}

This implies that i->®
Iim{x[i]® y[i]}= I|m x[|]® I|m y[|]

But we have i—®
=x®yeliml ®limL,

Conversely et Z€limL, ®limL,

Then Z=X®Y. . where xelimL,yelimL,
x=limx[i] y=limy[i]
This implies = and 1= .

Xx®y=lim x[i]® lim y[i]
Then |—00 |—>00
= lim{x[i]l®y[il}e lim (41 ®L,)

Fromequations (1) and (2) equality follows.

Theorem2.3.1

If in the superimposition table for the operation ©
every row and column is a permutation of the letters
of =, then (=2, ®) is a group.
The superimposition operation is a binary operation
on words like the catenation operation. However, the
catenation operation induces a monoid structure on
the set of all words. The power of the superimposition

n
lies in the group structure that it gives to X and v,
This structure is characterised and studied in this sec-
tion.

A relation on X*based on the superimposition oper-
ation can be introduced.

Definition 2.5

< - o
Letx, y ¢ 2 Then XSo Vip Y=X®Zg57e5”

Proposition 2.5
<
The relation ~®is transitive if the binary operation

® is associative,
Proof:

Let as@band bS®Cf0ra,b,CeE”
b£®chc c=b®t=(a®2z)&t .

since
c=a®(z®t) i ®

. We have

<
8% b . There-

fore, is associative. Let

: o <
Z®t=tthen implies  25¢ ©

c=a®t'yhijch
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Therefore, ~®is transitive if ®|s associative.

Definition 2.6
For LcX® UC,(L)={yeX’/x<, y,xel}
LC, (L) ={xeZX" /X<, y,yeL}.

and

Proposition 2.6
UC, (L) and
is o - regular.

LC, (L) are o - regular languages if L

Definition 2.7
A language L is upper — closed with respect to a

superimposition operation ®ifUC®(L): L and a

language is lower — closed if LC, (L) =L

Proposition 2.7

Let ®be a commutative and associative relation
onZ2*. Let Li’LZ c2 Then,

(i) UC, (L, ®L,)=UC, (L) ®UC,(L,)

(ii) LC@(L1 ®L,)= LC@(L1) ® LC@(Lz) .

Proof: Let yeUC®(L1®L2). Then X< yfor

Xel, ®L, X=a, ®a,

so that for some
% elya, € I‘Zand y=X®Zforsome ZeX” Now
y=(,02,)02=0,8(, ®Z)since X is asso-
ciative. But a, € Ll QUC® (L1) and
2 el cUCs(L) o that Y EYUCL(L)®UC,(L,)
UC, (L, ®L,)cUC, (L) ®UC,(L,)

implies To
prove  the reverse  inclusion,  we have

a, EUC®(L1)and a, EUC®(Lz)then a, = 181 ®71and

a, =p, ®72forﬂ1 el B, €L, ., ex’ _
Then
y:(ﬁ1®71)®(ﬂ2 ®72):(ﬂ1®ﬁ2)®(y1®72)as

®js commutative and associative. This implies
UC, (L, ®L,)=UC, (L) ®UC,(L,) )

Hence the
result.
Corollary
For any family of languages F,
yeuc, (Ub=Uuc, (L=UL
LeF LeF LeF

3. SUPERIMPOSITION UNDER
CONTROL ON INFINITE WORDS

Volume: 01 Issue: 03, July 2016, pp. 42 — 46

Let V be the alphabet V = {f, s}. Let c eV “be the

® - control word and C <V “ be the set of ® - con-
trols.

Definition 3.1
Let X=XX,...e X and

X, Y, €X,i=12,..,j=12,...
Let c=z"z*...eV”,z,€V,n eN.

y=VY,y,...eX” for

The superimposition of x and y controlled byCc €V
) (X Xy X, ) ® (Y, Y, Yy, )iy = f
IS X®, y=

(V1YY ) ® (XXX, ). 2, =S

Example 3.1
Let a = a13a3..., B = bibobs..., ¢ = f£s*Psfs... Then
a®, pf=(aa, ®bb,b,)(a,a,a.aa, ®b,)....

Example 3.2

Let x = (abcdefg)“and y = (gfedcha)”be o - words
over the finite alphabet X' = {a, b, ¢, d, e, f, g}. Letc =
sP(s*#)”. Thenx ®, y =gba“ .

Definition 3.2
If C is a control

X®C y:UX®c y

ceC

language over V® then

If C is the empty setthen X®_y=¢.
Alsoif L,L, ==°
thenl, ®_ L, ={x®_ y/xel,yel,}.

Definition 3.3
Let C be a control set. The setC is commutative if

and only if the operation ®_ is commutative, that is,
X® y=y®, xforall x,yeXx”.

Let X be the family of all commutative sets of
control words.

Proposition 3.1

If (Ci) is a family of control languages such that
(Ci)is a commutative control language for all i € |
then C'= |C, is also a commutative control language.

iel

iel

Proof: Let U,VeX and let WeU®, . V. Then it fol-
lows that weu ®,, Vvfor all iel. But, each (Ci)is
commutative and hencewev®, ufor all iel.

Therefore, weV®. U.Thus, we have
U®. v=V®. Uwhich implies that C'= |C, isalso a

iel

commutative control language.

Definition 3.4
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Let C be a control language. The commutative clo-
sure of C denoted by C is given by C =|C".

Corollary: Forall C {f,s}”, Cis a commutative
control language.

Remark: C is the smallest control language that con-
tains C.

Definition 3.5
A control language C is associative if and only if
®_ is associative. We have

X®, (Y®, 2)=(x®, y)®, zforall x,y,zeX”.

Proposition 3.2

If (Ci )igI is a family of control languages such that
(Ci)is an associative control language for all i€ |
then C"'= |C, is also an associative control language.

iel
Proof: Let x,y,zeX”and let WeXx®.. (Y®.. z).
Then it follows that wex®, (y®, z)forall iel.

But, each (Ci)is associative  and  hence
we(x®, y)®, zfor all iel. Therefore,
we(X®.. y)®.. Z.Thus, we have

X®.. (Y®,. 2) =(X®.. y) ®.. zwhich implies that
C"= |C, is also an associative control language.

iel

Definition 3.6
Let C be a control language. The associative clo-

sure of C denoted by c is E = |C"where Als the

ccC"C'eA

family of all associative control languages.

Proposition 3.3

The associative closure C is also an associative
control language.

4. CONCLUSION

The present study is new and not found in the lit-
erature. Hence it is a significant work and a step for-
ward in the research on combinatorics on words.
Since the study involves Picture composition in As-
tronomy,the theoretical studies can also be applied to
the field of Astronomy. This study can be a founda-
tion for connecting diverse fields — Formal language
theory, Combinatorics on words and Astronomy.

The superimposition operation on infinite words is
defined and the properties of the operation are charac-
terised. Future developments on this topic are many as
it is basically a binary operation.This study can be
extended to two dimensions by defining the superim-
position on arrays and array languages. Visualisation
of data in Astronomy is done by the superimposition
of arrays. This study has applications in such studies.

Volume: 01 Issue: 03, July 2016, pp. 42 — 46

REFERENCES

[1] Ahmad Kadrie, V.R.Dare, D.G.Thomas,
K.G.Subramanian(2001), Alaebraic properties of the shuffle
over ftrajectories,Information Processing LettersVol. 80,
pp. 139-144

[2] C. Annal Deva Priva Darshini, V. Raikumar
Dare,2015,Superimposition Operations on Words, Proceed
inas ofNational Conference on Mathematics and Computer
Applications,pp. 48 — 52.

[3] J.E. Hopcroft, J.D. Ullman, Introduction to Automata Theory,
Lanauades and Computation,1979,NarosaP ublishina House.

[4] J.P. Tremblay and R. Manohar, (1997)Discrete Mathematical
Structures with Applications to Computer Science, Tata
McGraw Hill Edition.

[5] Choffrut C. and Karhumaki J.,(1997),Combinatorics of words
in Handbook of Formal Languages, Vol. 1, Springer Verlag,
pp.329 — 438.

[6] Chrigian Choffrut, Berke Durak,(2005) ,Collage of two —
dimensional words,Theoretical Computer Science 340 pp. 364
—380.

[71 Jean Berstel, Dominique Perrin, (2007) The origins of
combinatorics of words,European Journal of Combinatorics,
28,pp. 996 — 1022.

[8] Lila Santean, Six Arithmetic — like operations on Languages,
R.R.L-CAT.A XXV, 1,pp.65-73, Bucares, 1988.

[9] M. Lothaire, Combinatorics on Words,(1983) Encyclopedia of
Mathematics and its Applications vol. 17, Addison-Wesley,
Reading, Mass.

[10] A. Mateescu, G. Rozenbera and A. Salomaa, (1998), Shuffle
on Trajectories: Syntactic Congraints, Theoretical Computer
ScienceVol. 197, pp.1 —56.

Authors Biography

Ms. C. Annal Deva Priya Darshini
is an Assistant Professor teaching in
the Department of Mathematics,
Madras Christian College, Tambaram
since 2006. She completed her PG in
Mathematics in 1997 from the Uni-
versity of Madras. Her research inter-

y S ‘ ests are Formal languages,
Combinatorics on Words and DNA Computing.

Dr. V. Rajkumar Dare taught in the Department of Math-
ematics, Madras Christian College, Tambaram, Chennai for
over 30 years. He headed the Department during the years
2008 — 2012. His research interests are Formal Languages
and Automata Theory, Infinite Words, Topological studies
on Words and Arrays.

www.ijaceeonline.com 46



