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Abstract: Motivated by the process of picture composition in Astronomy and Printing a new operation on 

words called the superimposition operation is introduced. In this paper, the o peration is extended to infinite 

words. A variant of this operation where the superimposition of two words is restricted using a control language 

is also introduced in this paper. The study focuses on the algebraic aspects of the operation. This operation in-

duces a group structure on the set of all infinite words over a finite alphabet. The commutativity and associ ativi-

ty properties of the control languages with respect to the operation are also examined. 
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1. INTRODUCTION 
Combinatorics on words focuses on properties of 

words and patterns on words. The applications in 

Computer Science are many as any algorithm is a 

stringover a finite alphabet. The theory of forma l lan-

guages was developed taking inspiration from prob-

lems in Computer science. The notion of a word is 

particularly useful in Mathematics as the representa-

tion of a natural number with any base is a word over 

a finite alphabet. The infinite word is a representation 

of a real number. Problems on words appear in differ-

ent contexts in pure algebra. The set Σ* of all words 

over the alphabet Σ is called the free monoid over the 

set Σ. Several generalizations of the catenation opera-

tion like shuffle operation, insertion and deletion op-

erations, shuffle on trajectories were introduced and 

studied by many authors in [8, 10]. The shuffle opera-

tion is useful in modelling parallel composition of 

words and languages. Theoretical generalizat ion to 

the case of infinite words was studied in detail by 

Kadrie et al. in [1]. Another operation is the Collage 

operation on words [6].In this paper, a new operation 

on words and languages is introduced motivated by 

different real life problems [2].  

A colour image on a television screen or computer 

monitor is generated using two main sets of colours 

called colour spaces - the RGB colour space consis t-

ing the primary stimuli for human colour perception 

and CMYK colour space – Cyan, Magenta, Yellow 

and Black. A printed colour picture is create with the 

aid of the CMYK colour space. All other colours are 

combinations of the basic colours in varying propor-

tions.  

The superimposition operation on finite words is 

introduced to model this phenomenon as an operation 

on words and languages. This paper is an extension of 

the operation to the infin ite words. 

  

 

 

 

 

 

The theory of infinite words is more complex than 

fin ite words. The cardinality of the set of all infin ite 

words is non – denumerable while that of all fin ite 

words is only denumerable. 

For any alphabet Σ, an ω – word over Σ is a func-

tion f: Ν Σ denoted by the infinite sequence 

f(0)f(1)f(2).... An ω - word w is ult imately periodic if 

w = αv
ω
 where αis a finite word which may be empty. 

An ω - word is periodic if w = v
ω
for some non-empty 

word vinΣ*. The set of all ω - words over Σ is Σ
ω
. An 

ω - language is a subset L of Σ
ω
. The set of all words 

and ω -words over the alphabet Σ is denoted by Σ
∞
= 

Σ
* 

U Σ
ω
. The basic notations and relevant background 

material is from the papers [3, 4, 5, 7, 9].  

 

2. SUPERIMPOSITION OF INFINITE 

WORDS  
The superimposition operation was introduced in 

[2].The superimposition operation is a rule wherein 

two letters of the alphabet coalesce to give another 

letter of the same alphabet. For a, b ϵ Σ, a b = c 

where c is also in Σ is called the superimposition op-

eration. 

This operation can be extended to Σ*. 

 

Definition 2.1  

Let u, v ϵ Σ* and u = u1u2…un, v = v1v2…vm where 

ui, vj ϵ Σ, for i = 1, 2,…, n, j = 1, 2, …, m.  

(i) If |u| = |v|, then u v = (u1
  v1)(u2

  v2) 

…(un
 vn) 

(ii) If |u| > |v|, and if u = u′u″ where | u′ | = |v | = m,  

        then u v  = (u1
 v1)(u2

 v2) …(um
 vm). 

u″. 

(iii) If |u| < |v|, and if  v = v′v″ where | v′ | = |u| = n,  

     then u v  = (u1
 v1)(u2

 v2) …(un
 vn). v″ 

(iv) For u ϵ Σ*, u   λ = λ  u = u. 
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Example 2.1 

Let Σ  be the alphabet consisting of the three colours 

black, white and gray denoted by {B, W, G} and the 

operation  given by the following table 1.  

Let x = B
5
W

3
, y = W

3
G

3
B

3
be words in Σ* then x

y = B
5
GB

3
.  

 

    

 b    w   G 

b b b B 

w b w G 

g b g g 

Table 1 

This notion of superimposition is extended to the 

set of all ω - words.  

 

Definition 2.2  

Let Σbe a finite alphabet. For any a, b, c in Σ, a rule 

of superimposition is  given by cba  .  

Let 
 ......,

321321
vvvvuuuu

where 


ii
vu ,

for all i = 1, 2, ... . Then the superimposition of u and 

v with respect to the rule  is 







1

2211
)()...)((

k

kk
vuvuvuvu

.  

The result of superimposition is a unique word in  

Σ
ω
.  

The following exampleillustrates the definition. 

The length restriction present in the finite case is no 

more necessary. 

 

Example 2.2 

Let Σ be the alphabet {a, b, c, d, e, f, g} and the rule 

of superimposition given by the table 2. Let 
 )(,)( gfedcbayabcdefgx 

be words in Σ
ω
. Then 

.gyx 
 

 

  a b c d e f g 

a a b c d e f g 

b b c d e f g a 

c c d e f g a b 

d d e f g a b c 

e e f g a b c d 

f f g a b c d e 

g g a b c d e f 

                                Table 2 

The operation can be extended to languages in a 

natural way.  

 

Definition 2.3  

For two languages 

21

1

2121
,,)(,, LvLuvuLLLL

kk

k

kk





U



or 

 
2121

,;/ LyLxyxzzLL 
.  

Note that the superimposition of two infin ite words 

is always non – empty. The Superimposition of a lan-

guage on itself infinite number of times gives the ω – 

language. 

For a given language L, 
ntimesLLLLn ... . 

Then the star closure of a language is 

.....210*

  LLLL
and the positive closure is 

.....21





  LLL
for a given superimposition op-

eration.  

 

 Defini tion 2.4 

The superimposition of a language on itself infinite 

nume=ber of t imes is the limit of a fin ite language
n

n
LL 


  lim

.  

The properties of finite languages can be extended 

to the infinite case.  

 

Proposition 2.1  

For any language 
L

the following hold: 

(i) 
LLL  }{}{ 

 

(ii) 
LLL  

 

(iii) 
LLLL 





 

(iv) 



 LL )(

 
 

Proposition 2.2  

For languages 
2121 ,,, MMLL

the superimpo-

sition operation preserves the subset relation on sets. 

For 

2121
, MMLL 

 

implies 2211
MLML 

 

 

Proof: 

Let 11
MLx 

then 
zyx 

for 1
Ly

and 

1
Mz

. Now, 21
LLy 

implies y is in L2. Also, 

21
MMz 

implies z is in M2. Therefore, 
zy 

is in 

22
ML 

. Thus, 2211
MLML 

 

 

Proposition 2.3  

Let 


321

,, LLL
be any three languages and  a 

superimposition operation defined on the same alpha-

bet. Then the following relations hold: 

i. 
)()()(

3231321
LLLLLLL 

 

ii. 
)()()(

3121321
LLLLLLL 

 

iii. 
)()()(

3231321
LLLLLLL 

 

iv. 
)()()(

3121321
LLLLLLL 

 
 

Proof: 
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(i) Let
)()(

3231
LLLLx 

. Then 
qpx 

or 
qpx 

where 231
,,, LpLqqLp 

.This implies that 
qpx 

 where 

321
, LqLLp 

or 
'' qpx 
 where 

321
',' LqLLp 

which implies that 

.)(
321

LLLx 
Since xis arbitrary, we con-

clude that 

3213231
)()()( LLLLLLL 

. Simi-

larly, let 321
)( LLLx 

. Then  
qpx 

 

where 321
, LqLLp 

. We have 
qpx 

where 31
, LqLp 

or  
qpx 

where

32
, LqLp 

. Hence

)()(
3231

LLLLx 
. Since x is arbitrary, 

we conclude that

)()()(
3231321

LLLLLLL 
. 

(ii)  If
)(

321
LLLx 

 then 
qpx 

where 

1
Lp

and 2
Lq

or 3
Lq

. Hence, 21
LLx 

 

or 31
LLx 

 . Therefore, we have

)()(
3121

LLLLx 
. Since x is arbitrary, 

we conclude that

)()()(
3121321

LLLLLLL 
. The 

other inclusion can be proved in a similar way.  

In a similar manner, (iii) and (iv) can be proved.  

Thus, the superimposition operation distributes 

over union and intersection both on the right and the 

left.  

An infinite word can be generated as the limit of an 

increasing sequence of finite words.  

Let x  . Let 1 2[ ] ... ix i x x x
be the prefix of x o f 

length i. Then x is the limit of the finite sequence of 

prefixes x[i]. This is denoted by
][lim ixx

i 


. 

The prefix ordering on 
* is 

  :p  

where 
yx p if x is a prefix of y. It is obvious that 

[1] [2] [3]...p px x x 
 for 

x .  

Let
zyx ,,

. Let
yxz 

.  

Then izzziz ...][ 21
 where i i iz x y 

for all i.  

We have 

1 2 1 2[ ] ( ... ) ( ... ) [ ] [ ]i iz i x x x y y y x i y i   
 

So that

lim [ ] lim{ [ ] [ ]}
i i

z z i x i y i
 

  
. 

The limit  of a word can be extended to languages. 

The limit of a language 
*L  denoted by 

Llim  is 
}:lim/{lim LxxzzL 

.  

 

Proposition 2.4  

Let
*

21, LL
. Then,  

2121 limlim)lim( LLLL 
. 

Proof:  

Let 
).lim( 21 LLz 

Then 
][lim izz

i 


 where 

21][ LLiz 
.  

This implies that 
]}[][{lim][lim iyixiz

ii


 . 

But we have 
lim{ [ ] [ ]} lim [ ] lim [ ]
i i i

x i y i x i y i
  

  

1 2lim limx y L L   
…………………….(1) 

Conversely, let 21 limlim LLz 
.  

Then 
yxz 

; where 21 lim,lim LyLx 

.  

This implies 
][lim ixx

i 


and 
][lim iyy

i 


.  

Then 
lim [ ] lim [ ]
i i

x y x i y i
 

  
 

1 2lim{ [ ] [ ]} lim ( )
i i

x i y i L L
 

   
……………..(2) 

From equations (1) and (2) equality follows.  

 

Theorem 2.3.1  

If in the superimposition table for the operation  , 

every row and column is a permutation of the letters 

of Σ, then (Σ
ω
,  ) is a group. 

The superimposition operation is a binary operation 

on words like the catenation operation. However, the 

catenation operation induces a monoid structure on 

the set of all words. The power of the superimposition 

lies in the group structure that it gives to 
n and Σ

ω
. 

This structure is characterised and studied in this sec-

tion. 

A relation on Σ
ω
based on the superimposition oper-

ation can be introduced. 

 

Definition 2.5  

Let x, y ϵ Σ
ω
. Then 

yx



if 

zxy 
for

z .   

 

Proposition 2.5  

The relation 


is transitive if the binary operation 

 is associative, 

Proof: 

Let 
ba




and 
cb




for
cba ,,

. We have 

cb



if 

tzatbc  )(
since 

ba



. There-

fore, 
)( tzac 

 if  is associative. Let  

'ttz  then 'tac  which implies 
ca




 . 
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Therefore, 


is transitive if  is associative.  

 

Definition 2.6  

For 
L

,
},/{)( LxyxyLUC

i






and 

},/{)( LyyxxLLC
i






.  

 

Proposition 2.6  

)(LUC
  and 

)(LLC
  are ω - regular languages if L 

is ω - regular. 

 

Definition 2.7  

A language L is upper – closed with respect to a 

superimposition operation  if
)(LUC

 = L and a 

language is lower – closed if 
)(LLC

 = L. 

 

Proposition 2.7  

Let  be a commutative and associative relation 

on Σ*. Let 


21

, LL
Then,  

(i)
)()()(

2121
LUCLUCLLUC




 

(ii)
)()()(

2121
LLCLLCLLLC




. 

Proof: Let 
)(

21
LLUCy 

 . Then 
yx




for

21
LLx 

 so that 21
 x

 for some 

2211
, LL  

and 
zxy 

for some
z  . Now 

)()(
2121

zzy  
since  is asso-

ciative. But 
)(

111
LUCL




and 

)( 222 LUCL 
so that 

)()(
21

LUCLUCy




implies 
)()()(

2121
LUCLUCLLUC




. To 

prove the reverse inclusion, we have 

)()(
21

LUCLUCy



then 21

 y
where 

)(
11

LUC



and 

)(
22

LUC



then 111

 
and 

222
 

for

 
212211

,,, LL
 .  

Then 

)()()()(
21212211

 y
as 

 is commutative and associative. This implies 

)()()(
2121

LUCLUCLLUC



. Hence the 

result.  

 

Corollary 

For any family of languages F, 

U UU
FL FLFL

LLUCLUCy
 






 )()(

. 

 

3. SUPERIMPOSITION UNDER 

CONTROL ON INFINITE WORDS   
 

Let V  be the alphabet V = {f, s}. Let Vc be the 

ω - control word and 
VC  be the set of ω - con-

trols.  

 

Definition 3.1  

Let  ...
21

xxx and  ...
21

yyy for 

,...2,1,...,2,1,,  jiyx
ii

.  

Let 
ii

nn
nVzVzzc ,,...21

21

 .  

The superimposition of x and y controlled by
Vc  

is 











szxxxyyy

fzyyyxxx
yx

nn

nn

c

122121

12121

).....,...()...(

).....,...()...(

11

21

  

Example 3.1 

Let α = a1a2a3…, β = b1b2b3…, c = f
2
s

3
f
5
sfs… Then 

)...)((
47654332121

baaaaabbbaa
c

  . 

 

Example 3.2 

Let x = (abcdefg)
ω
and y = (gfedcba)

ω 
be ω - words 

over the finite alphabet Σ = {a, b, c , d, e, f, g}. Let c = 

sf
2
(s

2
f
2
)

ω
. Then

gbayx
c

  . 

 

Definition 3.2  

If C is a control language over V
ω
 then 

U
Cc

cC
yxyx



 .  

If C is the empty set then  yx
c .  

Also if 


21
, LL  

then },/{
2121

LyLxyxLL
cc

  . 

 

Definition 3.3  

Let C be a control set. The setC is commutative if 

and only if the operation c
 is commutative, that is, 

xyyx
cc

 for all 
yx, .  

Let 
  be the family of all commutat ive sets of 

control words.  

 

Proposition 3.1  

If  
Iii

C


is a family of control languages such that 

 
i

C is a commutative control language for all Ii

then I
Ii

i
CC



' is also a commutative control language. 

Proof: Let 
*, vu and let vuw

C '
 . Then it fol-

lows that vuw
iC

 for all Ii . But, each  
i

C is 

commutative and hence uvw
iC

 for all Ii . 

Therefore, uvw
C '

 .Thus, we have 

uvvu
CC ''

 which implies that I
Ii

i
CC



' is also a 

commutative control language. 

 

Definition 3.4  
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Let C be a control language. The commutative clo-

sure of C denoted by C  is given by I 'CC  .  

Corollary : For all 
},{ sfC  , C is a commutative 

control language. 

Remark: C  is the smallest control language that con-

tains C. 

 

Definition 3.5  

A control language C is associative if and only if 

c
 is associative. We have 

zyxzyx
cccc

 )()( for all zyx ,, . 

 

Proposition 3.2  

If  
Iii

C


is a family of control languages such that 

 
i

C is an associative control language for all Ii

then I
Ii

i
CC



'' is also an associative control language. 

Proof: Let 
zyx ,, and let )(

''''
zyxw

CC
 . 

Then it follows that )( zyxw
ii CC

 for all Ii . 

But, each  
i

C is associative and hence 

zyxw
ii CC

 )( for all Ii . Therefore, 

zyxw
CC ''''

)(  .Thus, we have 

zyxzyx
CCCC ''''''''

)()(  which implies that 

I
Ii

i
CC



'' is also an associative control language. 

 

Definition 3.6  

Let C be a control language. The associative clo-

sure of C denoted by C is I



',"

"
CCc

CC where  is the 

family of all associative control languages. 

 

Proposition 3.3  

  The associative closure C  is also an associative 

control language. 

 

4. CONCLUSION 
The present study is new and not found in the lit-

erature. Hence it is a significant work and a step for-

ward in the research on combinatorics on words. 

Since the study involves Picture composition in As-

tronomy,the theoretical studies can also be applied to 

the field of Astronomy. This study can be a founda-

tion for connecting diverse fields – Formal language 

theory, Combinatorics on words and Astronomy. 

The superimposition operation on infinite words is 

defined and the properties of the operation are charac-

terised. Future developments on this topic are many as 

it is basically a binary operation.This study can be 

extended to two dimensions by defining the superim-

position on arrays and array languages. Visualisation 

of data in Astronomy is done by the superimposition 

of arrays. This study has applications in such studies.  
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